1. Introduction. The idea of the field of values of a complex w X w matrix C was introduced by O. Toeplitz [3] . It is the set of complex numbers defined by (1.1) W(C) = {VTCV | VTV = 1}, (Fan»Xl vector).
W is clearly a compact and connected set. Toeplitz showed in [3] that W has a convex outer boundary, and a short time later F. Hausdorff [l] proved that W itself is convex. Since then several investigations have been made concerning the geometry of W. An example of a recent one is the dissertation of R. Kippenhahn [2] in which Wis described as the convex hull of a certain algebraic curve of degree w obtainable from C. This representation suggests a generalization to more than two Hermitian forms, but it is easy to show by example that convexity does not survive this extension. It is known, however, (see [l; 3] ) that for three forms the boundary of W is still convex.
We shall be concerned with the real analog of (1.3), i.e., the set (1.4) R(A,B) = {(VTAV, VTBV)\ VTV = l}; A,B,Vieal.
With the understanding (henceforth in force) that A and B are real symmetric matrices, we obviously have
R(A, B) C W(A, B).
In §2 we shall show that for w^3 we actually have The inverse image under (2.1) of the line x=l consists of the two points (1, 0, 0) and (-1, 0, 0), a disconnected set. In spite of this we can still conclude that x=l intersects R in a connected set; viz., the above set consists of two connected components which are symmetric about (0, 0, 0). Hence they both have the same (connected) image under (2.1), and the conclusion follows. This idea is the key to the following theorem.
Theorem 2.1. 7/« = 3, R{A, B) is convex. Hence the theorem reduces to the assertion that a real projective hyperconic is a connected set. This can be shown by induction. If w = 3, the smallest value being considered, (2.3) is an ordinary projective conic Q2, which is connected.
(The nondegenerate conies are all topological circles, and the degenerate cases of (2.3) are the null set, a point, a line, a pair of lines, all of P,i_i.) Suppose that all hyperconics Qn-i in Pn-\ are connected, « = 3, and let Q" be a hyperconic in P". Through two arbitrary points of Q" construct a hyperplane Pn-iThen Qn(~\Pn_\ is a hyperconic Qn-i, which is connected.
(That QnC\Pn-\ is a hyperconic follows at once from the fact that the equation of P"-i can be taken to be z>,, = 0 without loss of generality.) Thus any two points of Qn belong to a connected subset of Qn-The theorem now follows. Then R is the unit circle x2-\-y2= 1. More generally, it can be shown that for « = 2, R is either an ellipse, a circle, a line segment, or a point. Remark 2. The theorem also breaks down if the number of quadratic forms is increased. For example let « = 3 and consider the three forms Hence (x, y) is a convex combination of two points of P, and therefore belongs to P.
Remark 3. Although we can have R?¿ W for w = 2, it is now clear that 17 is the convex hull of P in any case.
Remark 4. The generalization of Theorem 2.2 to more than two forms is false. The quadratic forms of Remark 2 and the corresponding Hermitian forms provide a simple counterexample.
The following result is a generalization of Theorem 2.2. holds for every n.
